Matrix Displacement Method (MDM) Summary

Uniaxial: One (1) structural-level Degree of freedom (DOF): dyx - axial displacement

{ph=1pi+[sKe)

Member end forces {Q}: 2 (axial forces 1,2) {Q} = {Qf}+[k]{u}
Member stiffness matrix: [K] 2 x 2 [k]: %[ _11 —11 }

Solution Steps

Label all members, joints, DOFs (dx), and support reactions.
Create the structural force vector {P}

Determine all member stiftness matrices [k], and fixed end force vectors {Qy}

b=

Use the Code Number method to assemble the structural stiffness matrix [S] and fixed end
force vector {P¢}

Solve for the DOFs {d} using {d} = [S]" {P-P¢}
6. Computer member end forces using {Q} = {Q¢} + [k]{u} and compatibility of {d}-{u}

hd

7. Determine support reactions from joint equilibrium

. . . N
8. Draw axial force diagrams, determine axial stress from ¢ = 1



2D Truss: Two (2) structural-level DOFs: dx, dy — X,Y displacements
1Pr=[s]id]

Member end forces:

Local - {Q}: 4 (axial 1,3 & transverse forces 2,4) {Q} = [k]{u}
Global - {F}: 4 (X1,3 &Y 2,4 forces) {Fl=[k|{v}
c s 0 O
- 0 O
{Q} = [TIF}, {u} = [T]{v} T|=| =° ¢
[ ] 0 0 ¢ s
0 0 —s ¢
Member stiffness matrix:
1 0 -1 0
Local - [K] 4 x 4 [k]= EAl 0 0 0 0
L -1 0 1 0
| 0 0 0 O
¢ ¢ —c* —cs
2 2
Global - [K]=[T]"[K][T] [K]= EAl es st -os s
Ll —¢* —¢cs ¢* «cs
| —cs -s® s st

Solution Steps

1. Label all members (w/ local coordinate axes), joints, DOFs (dx,dy), and support reactions.
2. Create the structural force vector {P}

3. Determine all member stiffness matrices in local coordinates [k], transformation matrices
[T], and global stiffness matrices via [K] = [T]"[k][T].

4. Use the Code Number method to assemble the structural stiffness matrix [S]
5. Solve for the DOFs {d} using {d} = [S]" {P}

6. Computer member end forces in global coordinates using {F} = [K]{v} and compatibility
of {d}-{v}

7. Calculate axial “bar” forces in each member:

Option 1: {Q} =[T]{F} and report Qs since (+) is tension and (-) is compression
Option 2: Use Pythagorean Theorem with F,, F; to determine local axial force

8. Determine support reactions from joint equilibrium

) ) N
9. Determine axial stress from o =—



3D Spatial Truss: Three (3) structural-level DOFs: dx, dy, dz - X,Y,Z displacements

(7}-

[s]id}

Member end forces:

Local - {Q}: 2 (axial forces 1,2) {Q}z[k]{u}
Global - {F}: 6 (X1,4&Y 2,5 &Z 3,6 forces) {Fl=[k|{v}
(Q) = [TI{F), u) = [T]fv) [T] cos@X cos@Y cos@z 0 0 0
= ,{u} = v =
0 0 0 cos@X cos@Y cosGZ
Member stiffness matrix:
EAl 1 1
Local - [k] 2x 2 k|=—
2 -2 1 ]

Global - [K]=[T]"[K][T]

c’0, 0.0, 6.6, -6, —cO.cl, —cb.ch,
- cZGY c6,c0, —cb.ch, —c%0 —c6,ch,

2 2
[K}: E — — c OZ —CHXCHZ —CQYCQZ —C OZ
L - - - c29X 6,0, c6.h,
- - - - c20y c,ct,

— — — - - c’0

Solution Steps

1.

Label all members (w/ local coordinate axes), joints, DOFs (dx,dy,dz), and support
reactions.

Create the structural force vector {P}

Determine all member stiffness matrices in local coordinates [k], transformation matrices
[T], and global stiffness matrices via [K] = [T]"[k][T].

Use the Code Number method to assemble the structural stiftness matrix [S]
Solve for the DOFs {d} using {d} = [S]"{P}

Computer member end forces in global coordinates using {F} = [K]{v} and compatibility
of {d}-{v}
Calculate axial “bar” forces in each member:

Option 1: {Q} =[T]{F} and report Q; since (+) is tension and (-) is compression
Option 2: Use Pythagorean Theorem with F;, F» F3to determine local axial force

Determine support reactions from joint equilibrium

) ) N
Determine axial stress from o = Z



Beam: Two (2) structural-level DOFs: dv, de - transverse displacement, rotation
{P}={7 s}

Member end forces {Q}: 4 (transverse forces 1,3 - moments 2,4)

{a}={o, p+{xfu}

12 6L -12 6L

2 2
Member stiffness matrix (BEBT): [k] 4 x 4 [k]: % 61L2 4éL _162L ZéL

6L 21> —-6L 4I°

Member stiffness matrix (Timoshenko): [k] 4 x 4

12 6L  -12 6L |
_ EI 6L L’ (4+ﬁs) —6L L (Z_ﬁs) _12EIl f;  f,=6/5 rectangle
-5 =20
+B,)| -12 6L 12 -6L GAL
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Solution Steps

1. Label all members, joints, DOFs (dy,ds), and support reactions.

2. Create the structural force vector {P}

3. Determine all member stiffness matrices [k], and fixed end force vectors {Qy}

4. Use the Code Number method to assemble the structural stiffness matrix [S] and fixed end
force vector {P¢}

5. Solve for the DOFs {d} using {d} = [S]"{P-P}

6. Computer member end forces using {Q} = {Q¢} + [k]{u} and compatibility of {d}-{u}

7. Determine support reactions from joint equilibrium

8. Draw shear force and bending moment diagrams

9. Determine shear and bending stresses from 7 = o , 0= My

I



2D Frame: Three (3) structural-level DOFs: dx, dy, de — XY translations, rotation

{ph=1pi+[sKe)

Member end forces:

Local - {Q}: 6 (axial forces 1,4 - transverse forces 2,5 - moments 3,6) {Q}:{Qf}+[k]{u}

Global - {F}: 6 (X forces 1,4 -Y forces 2,5 - moments 3,6) {F}:{Ff}+[1{]{v}
I c s 0 0 0O ]
-s ¢ 0 0 0O
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Member stiffness matrix:
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r L r L
A A
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0 65/ ZE% 0 _6E/ 4Ey
r L r L

Local - [k] 6 x 6 [k]=

Solution Steps

1. Label all members, joints, DOFs (dx,dy,ds), and support reactions.
2. Create the structural force vector {P}

3. Determine all member stiffness matrices [k] and fixed end force vectors {Qy} in local
coordinates, transformation matrices [T], and global stiffness matrices and global force
vectors via [K] = [T]"[K][T], {F} = [T]"{Qs}.

4. Use the Code Number method to assemble the structural stiffness matrix [S] and fixed end
force vector {P¢}

5. Solve for the DOFs {d} using {d} = [S]" {P-P¢}

6. Computer member end forces in global coordinates using {F} = {F¢} + [K]{v} and
compatibility of {d}-{v}

7. Determine support reactions from joint equilibrium

8. Draw axial, shear force and bending moment diagrams: {Q} = [T]{F}

a

i
9. Determine shear and normal (axial + bending) stresses from 7 = I_l?’ o =



Grids: Three (3) structural-level DOFs: dy, dex, dez -Y translation, XZ rotation

{ph=1pi+[sKe)

Member end forces:

Local - {Q}: 6 (transverse forces 1,4 - moments 2-3, 5-6) {Q}:{Qf}+[k]{u}
Global - {F}: 6 (Y forces 1,4 - XZ moments 2-3, 5-6) {F}:{Ff}+[1{]{v}
| 1 0 00 0 O |
0 ¢c s 0 0 O
— _ | 0 =s ¢ 0 0 O
{Q} = [THF}, {u} = [THv} I
0 0 00 ¢ s
1 0 0 0 0 —s ¢ |

Member stiffness matrix:

1215/ 6E/ _1215/ 0 615/
I I’ L I
Cy
0 0 0o - 0
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I’ L I’ L
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L L L L
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1. Label all members, joints, DOFs (dy, dex, dez), and support reactions.

Local - [K] 6 x 6 [k]=

D
omooNo
bq

Solution Steps

2. Create the structural force vector {P}

3. Determine all member stiffness matrices [k] and fixed end force vectors {Qy} in local

coordinates, transformation matrices [T], and global stiffness matrices and global force

vectors via [K] = [T]'[K][T], {Fs} = [T]"{Qs}.

4. Use the Code Number method to assemble the structural stiffness matrix [S] and fixed end

force vector {P¢}
5. Solve for the DOFs {d} using {d} = [S]" {P-P}

6. Computer member end forces in global coordinates using {F} = {F¢} + [K]{v} and
compatibility of {d}-{v}
7. Determine support reactions from joint equilibrium

8. Draw torsion, shear force and bending moment diagrams: {Q} = [T]{F}

Vo
S:E’ 0,

. . T
9. Determine shear (torsion + force) and normal stresses from 7, = TP ,T



Space Frames: Six (6) structural-level DOFs: dxy,z, dexev,ez — X,Y,Z translations/rotations

{ph=1pi+[sKe)

Member end forces:

Local - {Q}: 12 (transverse forces 1-3, 7-9 - moments 4-6, 10-12) {Q} = {Qf}+[k]{u}
Global - {F}: 12 (XYZ forces 1-3, 7-9 - XYZ moments 4-6, 10-12) {F}:{Ff}Jr[K}{v

Member stiffness matrix:  Local - [k] 12 x 12
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For arbitrarily oriented members (except vertical):

r

xX r

xY er

[r]z (—rxxrxycosy/—rxzsinw)/‘Z‘ |Z‘cosw (—rxyrxzcosw+rxxsinw)/‘Z‘
(rxxrxysinl//—rxzcosy/)/m —‘Z|sinl// (rxyrxzsinl//+rxxcosl//)/|2‘

X=X, _Y=h :ZEZZ’J and L:\/(Xe—Xb)2+(Ye—Yb)2+(Z€—Zb)2

|Z|=\Jr;+r} and v = roll angle

0 r

xY

0
**For vertical members:  [r]=| -rycosy 0 siny

rysiny 0 cosy

Solution Steps

1. Label all members, joints, DOFs (dy,ds,ds), and support reactions.
2. Create the structural force vector {P}

3. Determine all member stiffness matrices [k] and fixed end force vectors {Qy} in local
coordinates, transformation matrices [T], and global stiffness matrices and global force
vectors via [K] = [T]"[K][T], {F} = [T]"{Qs}.

4. Use the Code Number method to assemble the structural stiffness matrix [S] and fixed end
force vector {P¢}

5. Solve for the DOFs {d} using {d} = [S]" {P-P}

6. Computer member end forces in global coordinates using {F} = {F¢} + [K]{v} and
compatibility of {d}-{v}

7. Determine support reactions from joint equilibrium

8. Draw axial, torsion, shear force and bending moment diagrams: {Q} = [T]{F}

M
9. Determine normal (axial + bending) stresses from o = %, o,= —Ty

. . T Vi
10. Determine shear (torsion + force) stresses from 7, = —p, T.= I—S



